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Abstract
A Q-curve is an elliptic curve E over Q which is isogenous to all its Galois conjugates. Serre’s conjecture
implies that Q-curves are modular. This means that E is a Q-simple factor of J1(N) for some level N . In
this paper we will introduce Q-motives which are generalizations of Q-curves and present basic properties
of Q-motives. Their properties are proved under some standard conjectures for motives.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
In this paper, we try to generalize the results of K. Ribet [32] and E. Pyle [30] concerning
abelian varieties of GL2-type to motives over number fields. We say that an abelian variety A over
Q is of GL2-type if the Q-algebra of endomorphisms of A defined over Q (i.e. EndQ(A) ⊗Z Q)
is a number field of degree dim(A). Ribet expects that abelian varieties over Q of GL2-type
are modular. This means such abelian varieties appear conjecturally as Q-simple factors of the
Jacobian varieties of modular curves X1(N). In fact, he proved that Serre’s conjecture implies
abelian varieties over Q of GL2-type are modular [32] (see [38] for Serre’s conjecture).
A Q-curve is an elliptic curve E over Q which is isogenous to all its Galois conjugates. Any
Q-curve appears as a Q-simple factor of some abelian variety of GL2-type [32]. We formulate a
modularity conjecture for abelian varieties over number fields as follows. We say that an abelian
variety A over a number field K is modular over an extension L of K if A is a L-simple factor of
J1(N). Since abelian varieties of GL2-type are modular under Serre’s conjecture, we thus predict
that any Q-curve is modular over Q in our sense.
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These abelian varieties are called “building blocks” (see [30] for the definition of building
blocks). Q-curves are building blocks of dimension one.
After the pioneering work of A. Wiles [46], modularity problems of 2-dimensional Galois
representations have been studied intensely [16,18,11], etc. Recently in [22,23], Khare and
Wintenberger gave a complete proof of Serre’s conjecture with works of Kisin [25,24]. As a
consequence one now knows that all abelian varieties of GL2-type are modular.
We now introduce the concept of motives of GL2-type and Q-motives (not to be confused
with motives with coefficients Q). The notion of Q-motives is a generalization of Q-curves (or
building blocks).
In this paper we consider motives for absolute Hodge cycles. At present, this is necessary to
understand the decomposition of motives and their endomorphism algebras.
We say that a pure motive M over Q which has Hodge type (p, q)+ (q,p), p > q , is of GL2-
type if E := EndQ(M) ⊗Z Q is a number field such that 2[E : Q] = rank(M) (note that by the
assumption on the Hodge type, rank(M) is even and we sometimes call a motive of GL2-type a
motive of rank 2 with coefficients in E), and w is equal to the dimension of the underlying variety
of M if w is even. If an abelian variety A over Q is thought of a motive M = h1(A) = (A,π1),
then rank(M) = 2 dim(A). So the definition of a motive of GL2-type is really a generalization of
the definition of an abelian variety of GL2-type. We define a modularity of motives as follows. We
say that a motive M over Q is modular if M is a Q-simple factor of the motive W1(N) := WΓ
1
N
N
for some integer N  1 (see p. 1626 in [5] for WΓ
1
N
N ). We set W1(N) = J1(N) when k = 2. A Q-
motive M are motives over Q with some conditions on the algebra of endomorphisms. More
precisely, the definition is that M has Hodge type (p, q) + (q,p), p > q , where the weight is
equal to the dimension of the underlying variety of M if it is even, EndQ(M) ⊗Z Q is a central
division algebra over a totally real field F with Schur index t = 1 or 2, and 2t[F : Q] = rank(M),
and for each σ ∈ GQ = Gal(Q/Q), there exists a (non-zero) isogeny μσ : σM → M such that
μσ ◦ σ φ = φ ◦ μσ for all φ ∈ EndQ(M) ⊗Z Q. Here “isogeny” means quasi-isomorphism, i.e.
for two motives M1,M2, φ ∈ Hom(M1,M2) is an isogeny if there exists ψ ∈ Hom(M2,M1)⊗Q
such that φ ◦ψ = 1 and ψ ◦ φ = 1.
Then we shall prove the following
Theorem 1.1.
1. Let N be a Q-motive. Then N is a Q-simple factor of a motive of GL2-type without complex
multiplication (see Definition 4.2).
2. Let M be a motive of GL2-type without complex multiplication. Assume Serre’s conjecture
and the Tate conjecture on the relation between étale cohomology and algebraic cycles.
Then M is modular. That means M is isogenous to the mth power of Tate-twist of Mf (i.e.
Mf (m)) for some modular form f with respect to Γ1(Nf ) for some level Nf and m ∈ Z.
More precisely, if M has Hodge type (p, q)+ (q,p), p > q , then the weight of f is equal to
p − q + 1 ( 2) and m = −q .
3. Let N be a Q-simple factor of a motive of GL2-type without complex multiplication. Then N
is a Q-motive.
By 1 and 2 in Theorem 1.1, we can see that Q-motives are modular assuming Serre’s conjec-
ture and the Tate conjecture.
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the abelian variety setting. On the contrary to the case abelian varieties, in addition to Serre’s
conjecture, we must assume that the Tate conjecture holds to get Theorem 1.1. However some
of results in this paper hold unconditionally. This paper makes use of the methods of Pyle and
Ribet though it seems to be nontrivial for motivic setting. So we make the corresponding list for
readers (see Appendix A).
This paper is organized as follows. In Sections 2 and 3, we recall the basics for motives for ab-
solute Hodge cycles. Readers who are experts in this area might skip these sections. In Sections 4
and 5 we study the endomorphism algebras of motives M of GL2-type and l-adic representations
attached to M . Then in Section 7, we shall prove the main statement 2. In Section 6, we shall
prove the main statement 3. This is much easier than other statements. In fact this follows imme-
diately from results in Section 4. Then we shall prove the main statement 1 in Section 8. Finally,
we shall give examples of a motive of GL2-type in Section 9. Most examples of rigid Calabi–
Yau threefolds which give motives if GL2-type have been studied by algebraic geometers dozens
years ago (see [33,45,47]). But recently, essentially new examples have been found by many peo-
ple [35,7], etc. However, at present, there are no explicit examples of Q-motives which are pure
of weight w > 2 and defined over a number field apart from Q. There are few examples even if
the case motives of GL2-type. So it is important to construct good examples of such motives for
the arithmetic study of motives.
2. Basics of motives
In this section, we recall the definition of motives and some of their properties.
Let k be a field. In this paper, a variety X means a smooth projective variety X which is
not necessary connected. For an integer j  0, denote by CHj (X) the abelian group (not to be
tensored by Q) of algebraic cycles of codimension j on X modulo rational equivalence (cf. [27]).
Let CHj (X)Q = CHj (X) ⊗Z Q. If X has irreducible components X1, . . . ,Xn and Y is another
variety, we put
Corrr (X,Y ) =
n∏
i=1
CHdim(Xi)+r (Xi × Y), (1)
for r ∈ Z. Let Corrr (X,Y )Q = Corrr (X,Y ) ⊗Z Q. Here we set CHdim(Xi)+r (Xi × Y) = 0 if
dim(Xi)+ r < 0. Then we have a bilinear composition law:
Corrr (X1,X2)× Corrs(X2,X3) −→ Corrr+s(X1,X3), (2)
by sending (f, g) to g ◦ f := p13∗(p12∗f ·p23∗g), where pij : X1 ×X2 ×X3 → Xi ×Xj is the
projection and pij ∗ (respectively pij ∗) is pull-back (respectively push-forward) and ( · ) means
the intersection of cycles (cf. [14]). This composition law is associative. In particular, for an
irreducible variety X, Corr0(X,X) is a ring with the identity element ΔX which is the graph of
the identity map from X to X.
Let Vk be the category consisting of smooth projective varieties (which are not necessary
connected). The category Mk =Mk,rat for the rational equivalence relation can be defined as
follows.
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projector (i.e. p2 = p), and m is an integer. For two objects M = (X,p,m),N = (Y, q,n) ofMk ,
the morphism sets are defined by
Hom(M,N) = q · Corr−m+n(X,Y ) · p.
The associativity of (2) induces the composition law of the morphisms above. Then Mk is
pseudoabelian additive category with the identity object 1 = (Spec(k), idk,0) and there is a ten-
sor structure onMk [27].
We define the dual motive M∨ = (X, tp,dim(X)−n) for a pure motive M = (X,p,n) where
tp means the transpose of p. This corresponds to “Poincaré duality.”
Example 2.1. The motive L = (P1,π2,0), π2 = P1 ×{pt}, is the so-called Lefschetz motive and
Q(1) := L∨ = (P1,π0,1), π0 = {pt} × P1, is the so-called Tate motive.
Using the Tate motive, we thus have M = (X,p,0)⊗ Q(n) for M = (X,p,n).
The realizations of motives will play an important role in our study. For each Weil cohomology
theory H , we define the realizations of a motive M = (X,p,0) by
H ∗(M) =
2 dim(X)⊕
i=1
Hi(M),
where Hi(M) = Im(p∗ : Hi → Hi). Here p∗ is the composite map of the following maps
Hi(X)
p1∗−−→ Hi(X ×X)
⋃
γ (p)−−−−→ Hi+2 dim(X)(X ×X) p2∗−−→ Hi(X),
where pi : X × X → X is the ith projection and γ : Corr0(X,X) → H 2 dim(X)(X) is the cycle
map furnished in the Weil cohomology H .
Definition 2.2. Let M = (X,p,n) be a motive. For an integer w, we say that M is pure of weight
i − 2n if H ∗(M) ⊂ Hi(X)(n), for each Weil cohomology H = HB,σ , HdR, Het (see below). If
M is pure of weight w, then M∨ = M(w).
We will mainly treat the following three realizations of M = (X,p,n). We assume M is pure
of weight i − 2n and M is defined over a number field k, that means both of X and p are defined
over k. Fix an embedding k ↪→ C.
• étale realization (for each prime number l)
Hl(M) := p∗Hiet(X,Ql )⊗Ql Ql (n),
where X = X ×k k and Ql (n) is the nth tensor product of l-adic Tate twist. Hl(M) is a
finite-dimensional vector space over Ql .
• Betti realization (for each embedding σ : k ↪→ C)
HB,σ (M) := p∗Hi (XC,Q)⊗Q Q(n),Betti
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√−1 )nQ. HB,σ (M) is a finite-dimensional vector
space over Q. Classical Hodge theory yields the Hodge decomposition
HB,σ (M)⊗Q C =
⊕
w=p+q
Hp,qσ (M),
where Hp,qσ (M) = p∗Hq+n(XC,Ωp+nXC) ⊗ H−n,−nQ(n). Here Hp,qσ is depending on an
embedding σ : k ↪→ C.
• de Rham realization
HdR(M) = p∗Hi
(
Xk,ΩX/k
·[n]),
where ΩX/k · is the de Rham complex and (ΩX/k ·[n])i = ΩX/ki+n. HdR(M) is a finite-
dimensional vector space over k with a decreasing filtration
FmHdR(M) = p∗Hi
(
Xk,ΩX/k
m+n).
There are standard comparison isomorphisms between three realizations:
Iσ : HB,σ (M)⊗Q C ∼−→ HdR(M)⊗k,σ C,
and for each extension σ : k ↪→ C of σ ,
Il,σ : HB,σ (M)⊗Q Ql ∼−→ Hl(M).
This gives the equality of dimensions of each realization, since each comparison isomorphism
commutes with cycle maps. So we can define the rank of M .
Definition 2.3. The rank of a motive M over k (denote it by rank(M)) is defined to be
rankQ(HB,σ (M)) = rankQl (Hl(M)) = rankk(HdR(M)).
3. Absolute Hodge cycles
In this section we review absolute Hodge cycles (AHC for short). Replacing algebraic cycles
with these cycles in the definition of the category of Chow motives, we obtain the categoryMAH
of motives for AHC [8]. Any motive M for AHC has a polarization. In particular, polarization
induces a positive anti-involution on EndAH(M). This show that MAH is semi-simple. So we
can control the decomposition of motives using its endomorphism ring like abelian varieties.
The Hodge conjecture implies any absolute Hodge cycle is an algebraic cycle [9].
Let X be a smooth projective variety over a subfield k of C. We consider three Weil coho-
mologies HdR,HB,σ ,Hl (see Section 2). These cohomologies are furnished with cycle maps:
clr : CHr (X) −→ H 2rα (X)(r),
α = dR, {B,σ }, l. Let H 2rtot (X)(r) := H 2rdR(X)(r) ×
∏
l H
2r
l (X)(r) ×
∏
σ H
2r
Betti,σ (X,Z) ⊗ Z(r).
Denote by IZ,σ (respectively IZ,l,σ ) the composite map of the natural map from H 2rBetti,σ (X,Z)⊗
Z(r) to H 2rB,σ (X)(r) (respectively H 2rl (X)) and Iσ (respectively Il,σ ). By the definition,
H 2r (X)(r) is a finitely generated Z-module.tot
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generated Z-module:
CrAH(X) =
{
(xdR, xl, xσ )l,σ ∈ H 2rtot (X)(r)
∣∣ IZ,σ (xσ ) = xdR, IZ,l,σ (xσ ) = xl}.
The cup product of each cohomology theory induces the ring structure on C2 dim(X)AH (X × X)
for a smooth projective variety X.
The categoryMAH of motives for absolute Hodge cycles is defined as follows. The objects of
MAH are triples (X,p,m), where X is a smooth projective variety, p ∈ C2 dim(X)AH (X×X)⊗Q is
a projector, and m is an integer. Morphisms between two objects M , N are defined by replacing
algebraic cycles with absolute Hodge cycles in (1) and by extending the coefficients to Q. We
denote the set of it by Hom(M,N)⊗ Q. Note that Hom(M,N) is finite Z-module. To study the
reduction of Galois representations, we distinguish it with Hom(M,N)⊗ Q.
The modular motive introduced in Section 1 is reconstructed inMAH (see [19]).
Theorem 3.2. (Cf. [29].) The category of motives for absolute Hodge cycle by extending the
coefficients to Q is a semi-simple Q-linear abelian category.
From this theorem, we can control the decomposition of motives using its endomorphism
algebras and consider the image of a morphism between motives.
Remark 3.3. We define the field of definition of absolute Hodge cycles as follows. For a motive
M over k, we say φ ∈ End(M) is defined over a field extension L of k if (φ)l is a member of
Hl(M)
Gal(k/L) for all prime l. We denote by EndL(M) the ring consisting of endomorphisms of
M defined over L.
4. The endomorphism algebras of motives of GL2-type
In this section, we will study motives over Q with an action of a “large” number field. Let M
be a motive over Q with an action of some number field E:
E ↪→ EndQ(M)⊗Z Q,
and let d(M) = rank(M). We say that M is of GL2-type if M is pure of weight w with Hodge
type (p, q) + (q,p), p > q , [E : Q] = d(M)2 , and w is equal to the dimension of the underlying
variety of M if w is even. By functoriality, E acts on HB(M) which is a Q-vector space of rank
d(M). Therefore d(M) is a multiple of [E : Q], so that we have [E : Q] | d(M). Scholl’s modular
motives Mf give good example of motives of GL2-type [5,34].
Theorem 4.1. Let M be a motive over Q of GL2-type. Then M/Q is simple if and only if E =
EndQ(M)⊗Z Q.
Proof. Since M is of GL2-type, M admits an action of E:
E ↪→ EndQ(M)⊗ Q =:X .
Let D be the commutant of E in X . First we show that D is a field. Let φ ∈ D\{0} and let
N = φ(M). Then E acts on N . Since φ ∈ End(M) ⊗Z Q, this morphism induces an endo-
morphism of HdR(M) which preserves the Hodge filtration. HdR(M) (respectively HdR(N))
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of 12 rankE(M) = 1 (respectively 12 rankE(N)) (see Lemma 5.1.1 in [17]). Here [w2 ] means the
smallest integer which is greater than or equal to w2 . Then rank(F (N)) is less than or equal to
rank(F (M)). So we have
[E : Q]
(
1
2
rank(N)
)

(
1
2
rank(M)
)
= [E : Q].
Therefore φ must be a non-zero isogeny because of rank(M) = rank(N).
F(M) may now be viewed as a D-vector space because any element of End(M) preserves the
Hodge filtration of M . Then dimQ(D) | rankQ(F (M)) = [E : Q]. This gives E = D.
In particular, the center F of X is a subfield of D = E. Then we have X  Mn(D′), where
D′ is some division algebra over F . (Note that when we set X =∏ri=1 Mni (Di), the center is∏r
i=1 Z(Di). Since F is a field, r must be 1.) Using the double centralizer theorem, we have[E : F ] = tn, where t = √dimF (D′) is the Schur index of D′.
X  Mn(D′) means M Q∼ Nn for some motive N over Q with EndQ(N) = D′. Since
dimQ(D′) | rankQ(F (N)), we have
n · dimQ(D′) | n · rankQ
(
F(N)
)= rankQ(F(M))= [E : Q].
This gives the divisibility nt2[F : Q] | [E : Q] = nt[F : Q]. One deduces that t = 1. So F = D′.
Hence M is obtained from N and F , i.e. M = E ⊗F N (see [32, p. 243]).
So the statement is equivalent to n = 1. 
We hereafter settle that a motive of GL2-type means that it is defined over Q and Q-simple.
By Theorem 4.1, E := EndQ(M) is a number field of degree 12d(M).
Definition 4.2. Let N be a motive over Q which is pure of weight. We say that N has complex
multiplication if it is the product of motives Ni such that EndQ(Ni) ⊗Z Q is a number field of
degree rank(Ni) over Q.
Theorem 4.3. Let M be a motive over Q of GL2-type which does not contain submotives with
complex multiplication. Let E = EndQ(M)⊗Z Q. Then X := EndQ(M)⊗Z Q is a central simple
algebra over a totally real field F ⊂ E, the Schur index of X is 1 or 2, and X contains E as a
maximal subfield.
Proof. We may assume that M has Hodge type (p,0)+ (0,p), p > 0. We can see that M Q∼ Nn
for some submotive N of M and an integer n 1, since M does not have any factor with complex
multiplication (see [30, p. 193]).
Let D = EndQ(N) ⊗Z Q and let F = Z(D). We denote by t the Schur index of D. ThenX = Mn(D) is a central simple algebra over F with Schur index t .
Since M does not have any factor with complex multiplication, E is its own commutant
in X (see [30, p. 193]). Then we have F ⊂ E. Using the double centralizer theorem, we have
[E : F ] = nt .
We will show t = 1 or 2 applying Tunnel’s idea. Fix an embedding Q ↪→ C. Consider
NC = N ×Q C. Then the Betti realization HB(N) has rank 1n rank(M) = 2nnt[F : Q] = 2t[F : Q]
over Q. (Recall that [E : Q] = nt[F : Q].)
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rankQ(D) | rankQ
(
HB(N)
)= 2t[F : Q].
Since rankQ(D) = t2[F : Q], we have t | 2, i.e. t = 1 or 2.
It remains to prove that F is a totally real field. Since M has a polarization, it defines a positive
anti-involution ∗ on EndQ(M) (see 6.7 in [9]). Then F = Z(D) = Z(X ) is a CM field or a totally
real field.
Now we assume that F is a CM field and M = (X,p,0) is of pure of weight w. By
Lemma 5.1.1 in [17], the Hodge filtration F(M) = F [w2 ](M) is a free Q-module of rank [E : Q].
Since F ⊂ EndQ(M)⊗Z Q, we have rational representation ρF of F which is obtained from the
action of it to F(M).
Let F(MC) (respectively F(NC)) be the Hodge filtration on MC = M ×Q C (respec-
tively NC). Since a morphism between motives preserves the Hodge filtration, we have the
decomposition F(MC) = ⊕ni=1 F(NC). So the complex representation ρC of D acting on
F(MC) decompose n copies of it of D acting on F(NC). Denote it by ρ′. Following [41],
let χ1, . . . , χg,χ1, . . . , χg be the inequivalent absolute irreducible complex representations
of D. Now let us consider that the natural map i : D → EndC(Jw(N)) where Jw(M) :=
F(NC)/Im(HB,id(N,Z) → F(NC)). This is the intermediate Jacobian variety (cf. [1]) if the
weight w is odd, and HB,id(N,Z) = j∗HjBetti,id(Y,Z) ⊗ Z (let N = (Y, j,0)). Recall D is a
skew field, and so i is injective. From the Hodge type of M , HB,id(M) is contained in the prim-
itive part of cohomology of X. Then by the Hodge index theorem (6.3.2 in [44]), one has a
natural polarization on F(M) since M has Hodge type (p,0) + (0,p), p > 0 by the assump-
tion. This polarization satisfies the Hodge–Riemann relation (see p. 160 in [44]) if w is odd,
hence Jw(N) is a principally polarized abelian variety. When w is even, the intersection form
on HB,id(N,Z) satisfies the Hodge–Riemann relation, since the weight of N is equal to the di-
mension of underlying variety by the definition of motives of GL2-type. Let B be a complex
subabelian variety of Jw(N) where the algebra of endomorphisms is D, i.e. EndC(B) = D.
For each μ = 1, . . . , g write rμ and sμ, respectively, for the multiplicities of χμ and χμ in
the representation of D on Lie(B/C) ⊂ Lie(Jw(NC)/C) = F(NC). From p. 156 in [41], we
have rμ + sμ = 2. Applying Theorem 5(d), (e) in [41] to B , we have rμ · sμ = 0 for some
1 μ g. Restricting to F ⊂D, we deduce that the trace of ρ′ = (ρC|B)|F on F(MC) cannot
be fixed by complex conjugation. This contradicts with the rationality of ρ′. This completes the
proof. 
5. l-Adic representations attached to motives of GL2-type
In this section, we study l-adic representations attached to motives of GL2-type. We will
show their modularity assuming Serre’s conjecture [38] in the next section. As mentioned the
first in Section 4, there exists a large class of motives of GL2-type (so-called (Scholl’s) modular
motives). Comparing various properties, we will notice that motives of GL2-type behave like
modular motives.
Let M = (X,p,m) be a motive of GL2-type which is pure of weight w = i − 2m and
let E = EndQ(M) ⊗Z Q. Then E is a totally real or a CM field, since M has a polarization
(cf. [9, 6.7]).
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pletion of E at a finite place λ | l of E. E acts on Vl by functoriality. Then Vλ := Vl ⊗E⊗Ql Eλ
is of rank 2 over Eλ. So we get a family of Galois representations:
ρλ : GQ −→ GLE⊗Ql (Vl)  GL2(E ⊗ Ql ) −→ GL2(Eλ),
where GQ is the absolutely Galois group over Q. This family {ρλ}λ would be a strictly com-
patible system of E-rational representations (see [36,31] for the definition of strictly compatible
systems). If any absolute Hodge cycle comes from an algebraic cycle, by smooth and proper base
change theorem [48], Hiet(XQ,Ql )(m)  Hiet(X˜Fq ,Ql )(m) where X˜ is the good reduction at a
good prime q . The both sides have same action of Frobq and this isomorphism is compatible
with the l-adic cycle map. Then we have
Hl(M)  p˜∗Hiet(X˜Fq ,Ql )(m). (3)
By Theorem 2 of Katz and Messing in [21], the characteristic polynomial of Frobq acting on the
right side above has coefficients in Q and it is independent of l. However, the l-independency of
the above family for absolute Hodge cycles is still open even if the case abelian varieties, though
this does not effect the results in this paper.
We will prove some facts about λ-adic representations ρλ and their reduction mod λ following
the method in [32].
For each finite place λ of E, let δλ = det(ρλ) : GQ → E∗λ . Let χl be the l-adic cyclotomic
character. Fix embeddings Eλ ↪→ C and E ↪→ C.
Lemma 5.1. Let M = (X,p,m) be a motive of GL2-type which is of pure weight w = i − 2m.
Then there is a character of finite order  : GQ → E∗ such that δλ = χwl for each λ. This
character is unramified at each prime which is a prime of good reduction for M .
Proof. Since a motive M = (X,p,m) (p is a projector and m ∈ Z) arises from a smooth pro-
jective variety, by alterations [20] and the fact that the category of semistable representations
is closed under subquotient, there exists a finite extension K of Q such that ρλ|GK (here
GK = Gal(K/K)) is semistable. Then δλ|GK has the Hodge–Tate property for each λ (see
[12,43]). It follows that δλ|GK is locally algebraic by Theorem 3 in Section 3-52 in [36]. So
we have δλ = χnl for some integer n and Dirichlet character . ρλ is unramified at p = l if M
has a good reduction at p. Since δλ and χl are unramified at p,  is as well.
Finally we show n = i − 2m = w. It is well known that GQ acts on det(Hl(M)) as
χ
w
d(M)
2 −2m·d(M)
l up to finite characters (here d(M) is the rank of M). In fact, by Poincaré dual-
ity, we have det(Frobq |Hiet(XQ,Ql )(m)∗) = q(
i
2 −m) rankQl (H iet(XQ,Ql ))
. Then we have the desired
formula of the determinant by Chebotarev’s density theorem. Recall d(M)2 = [E : Q]. Comparing
a norm two sides of δλ = χnl , we have
χ
(i−2m)[E:Q]
l =
∏
λ|l
NEλ/Ql (δλ) =
∏
λ|l
NEλ/Ql
(
χnl
)= NE/Q()χn[E:Q]l .
Then we have n = i − 2m = w, since  is a finite character and χl is an infinite character. 
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in GQ.
Proof. Let id : Q ↪→ Q be the embedding and let c be a complex conjugation. Then by compar-
ison theorem, we have Vλ  HB,id(M) ⊗E Eλ (depending on the choice of σ : Q ↪→ C). Let φ
be the involution on HB,id(M) induced from c. Since M is defined over Q, φ sends a cycle Z in
HB,id(M) to its complex conjugation Z. The action φ ⊗ id on HB,id(M) ⊗E Eλ corresponds to
the action c′ = σ−1 ◦ c ◦ σ on Vλ. Since φ is an involution, c′ is also so. Therefore we have only
to show that φ does not act as ±1.
By the definition of motives of GL2-type, we assume that M has the Hodge type (p, q) +
(q,p), p > q . Then φ ⊗ c takes Hp,qσ (M) to Hq,pσ (M). Since p = q , φ ⊗ c does not act as a
scalar multiple. Then we have det(c) = det(c′) = det(φ) = −1. 
We now introduce the Tate conjecture. This conjecture plays an important role in our study.
For a motive N over a number field K and a prime number l, let
ρl : GK −→ GLZl
(
Het(N,Zl )
)
,
be the corresponding l-adic representation.
Conjecture 5.3 (Tate conjecture). (See pp. 388–389 in [39], p. 211 in [13], p. 1617 in [5].) Let N
and M be motives over a number field K for AHC which have same weight. Let B be a positive
constant such that Het(N,Zl ) and Het(M,Zl ) are free Zl-module for any prime number l  B .
Then:
(a) Het(N,Zl ) is a semi-simple GK -module.
(b) The natural map
αK : HomK(N,M)⊗Z Zl −→ HomGK
(
Het(N,Zl ),Het(M,Zl )
)
is an isomorphism.
(c) For almost all l  B , the subalgebra Zl[ρl(GK)] of EndZl (Het(M,Zl )) is the full commuta-
tor of the image of the natural map βK : EndK(M) → EndZl (Het(M,Zl )).
(d) Let ρl be the residue representation of ρl for l  B . Then, for almost all l  B , the subal-
gebra Fl[ρl(GK)] of EndFl (Het(M,Zl )/ lHet(M,Zl )) is the full commutator of the image of
the natural map EndK(M)⊗ Z/lZ → EndFl (Het(M,Zl )/ lHet(M,Zl )).
(e) EndFl (Het(M,Zl )/ lHet(M,Zl )) is a semi-simple GK -module.
Proposition 5.4. Assume Conjecture 5.3. Then for each finite place λ of E, ρλ is an absolutely
irreducible two-dimensional Galois representation. In particular, we have EndQl [GQ](Vλ) = Eλ.
Proof. By part (b) of the Tate conjecture, we have∏
λ|l
Eλ = E ⊗ Ql = EndQ(M)⊗ Ql = EndQl [GQ](Vl) =
∏
λ|l
EndQl [GQ](Vλ).
Then Eλ = EndQl [GQ](Vλ). This gives EndEλ[GQ](Vλ) = Eλ, since EndEλ[GQ](Vλ) ⊂
EndQ [G ](Vλ). This implies the absolutely irreducibility. l Q
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tions ρλ, the following properties can be proved under Conjecture 5.3 (cf. [32]). But we omit the
details, since they will not be used below.
(1) For each prime p of good reduction, ap = (p)ap , where ap = trace(ρλ(Frobp)).
(2) Let S be a finite set of rational primes at which M has bad reduction. Then E = Q(ap|p /∈ S).
(3) The notations are the same as above. Then F = Z(EndQ(M)⊗Z Q) = Q(ap2/(p)|p /∈ S).
Let M be a motive of GL2-type. Let E = EndQ(M) ⊗Z Q, and let F = Z(EndQ(M) ⊗Z Q).
The Skolem–Noether Theorem implies that for each σ ∈ GQ, there exists α(σ) ∈ EndQ(M)⊗Z Q
such that σ φ = α(σ) ◦ φ ◦ α(σ)−1 for all φ ∈ EndQ(M)⊗Z Q. Since E = EndQ(M)⊗Z Q is its
own centralizer in EndQ(M)⊗Z Q, α(σ) ∈ E. α(σ) is determined up to a scalar multiple of F ∗.
Then we have a locally constant function:
α : GQ −→ E∗.
Let c(σ, τ ) def= α(σ)α(τ)α(στ)−1 for σ, τ ∈ GQ. Then c defines a 2-cocycle on GQ with values
in F ∗. It is easy to see that 2[c] = 0 in H 2(GQ, (Q ⊗ F)∗) (apply the method in pp. 195–197 in
[30]).
Theorem 5.5. The class of two cocycle c attached to M corresponds to the class of EndQ(M)⊗Z
Q via isomorphisms H 2(GQ, (Q ⊗ F)∗)  H 2(Gal(Q/F ),Q∗)  Br(F ).
Proof. See [6] and [32]. 
6. Decomposition over Q of motives of GL2-type
In this section we study the properties of Q-simple factors of motives of GL2-type. As in The-
orem 4.3, the endomorphism ring of such a factor is a central division algebra over a totally real
field with Schur index 1 or 2. Furthermore, they have another interesting property (see below).
We collect these properties in the following definition of a Q-motive.
Definition 6.1. A Q-motive is a motive N over Q such that:
(1) N has Hodge type (p, q) + (q,p), p > q , and the weight is equal to the dimension of the
underlying variety of N if it is even.
(2) EndQ(N)⊗Z Q is a central division algebra over a totally real field F with Schur index t = 1
or 2, and 2t[F : Q] = rank(N).
(3) For each σ ∈ GQ, there exists a (non-zero) isogeny μσ : σN → N such that μσ ◦σ φ = φ◦μσ
for all φ ∈ EndQ(N)⊗Z Q.
Remark 6.2. Let N = (B,π1) be a motive attached to an abelian variety B . π1 is the first
component of a Chow–Künneth decomposition of the diagonal on B × B (see [34]). The pro-
jector π1 cuts out the first cohomology of the abelian variety B . Since EndQ(N) ⊗Z Q =
EndQ(Pic
0(B)) ⊗Z Q = EndQ(B) ⊗Z Q and rank(N) = 2 dim(B) is even, N is a Q-motive if
and only if B is a building block in the sense of [30, p. 195].
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contain submotives with complex multiplication. Then N is a Q-motive.
Proof. As seen before, from non-CM hypothesis we have M Q∼ Nn for some n. By Theorem 4.3,
EndQ(N) is a central division algebra over a totally real field F with Schur index t = 1 or 2 and
rank(N) = 2
n
[E : Q] = 2
n
tn[F : Q] = 2t[F : Q].
Fix a non-zero isogeny λ : M → Nn. Since σM = M for any σ ∈ GQ, by the Skolem–Noether
Theorem, there exists a (non-zero) isogeny ασ ∈ EndQ(M)⊗Z Q such that σ f = ασ ◦f ◦α−1σ for
any f ∈ EndQ(M)⊗Z Q. Then for any σ ∈ GQ and φ ∈ EndQ(M)⊗Z Q, we have the following
commutative diagram:
Nn
φ˜
M
λ ασ
φ
M = σM
σλ
σ φ
σNn
σ φ˜
Nn M
λ ασ
M = σM
σλ
σNn.
This gives
Nn
σλ◦ασ ◦λ−1
φ˜
σNn
σ φ˜
Nn
σ λ◦ασ ◦λ−1
σNn.
Now we consider the map πij : N ↪→ Nn
σλ◦ασ ◦λ−1−−−−−−−→ σNn → σN for 1 i, j  n, where the
first map is the inclusion to ith part of Nn and the third map is the projection to j th part of σNn.
Since σ λ ◦ ασ ◦ λ−1 is an isogeny, there exists a pair (i, j) such that the corresponding isogeny
μσ := πi,j : N → σN is non-zero. For any ψ ∈ EndQ(N) ⊗Z Q, we apply the argument above
to φ˜ = (ψ, . . . ,ψ) ∈ EndQ(Nn)⊗Z Q, we have that μσ ◦ψ = σψ ◦μσ .
Since N is a factor of M , so N has the same Hodge type of M .
This completes the proof. 
7. Modularity of motives of GL2-type
The ultimate goal of this section is to prove the modularity problem under Serre’s conjecture,
i.e. we shall prove a motive of GL2-type is a Q-simple factor of W
Γ 1N
N .
We consider the reduction of the λ-adic representations ρλ. Note that Hiet(A,Zl )
(∧i Tl(A)∗) is a free Zl-module for any abelian variety A. Here Tl(A) is the Tate module
of A. But Hiet(M,Zl ) is in general not a free Zl-module. But using the comparison theorem,
it easy to see that Hiet(M,Zl ) is free for all but finitely many l. Therefore we can define the
reduction of ρλ as follows for such primes. Replacing M by an isogenous motive we may as-
sume that the endomorphism ring of M is the ring of integers OE of E. Then Het(M,Zl ) is a
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Het(M,Zl ), then we have the reduction of ρλ:
ρλ : GQ −→ GLOE⊗Zl
(
Het(M,Zl )
)∏
λ|l
GL2(OEλ) −→ GL2(Fλ),
where Fλ =OEλ/λOEλ . Hereafter we exclude the exceptional primes l where Hiet(M,Zl ) is not
a free Zl-module when we consider the reduction of Galois representations attached to motives.
This convention does not affect any arguments in this section.
Proposition 7.1. Assume Conjecture 5.3. For all but finitely many λ, ρλ is absolutely irreducible.
Proof. We may assume that EndQ(M) (=: OE) is the ring of integers of E. By (e) in Con-
jecture 5.3, the subalgebra Fl[ρl(GQ)] of EndFl (Het(M,Zl )/ lHet(M,Zl )) is a semi-simple
Fl-algebra. Let Φ be the natural map EndQ(M) ⊗ Z/lZ → EndFl (Het(M,Zl )/ lHet(M,Zl )).
By (d) in Conjecture 5.3 and the theorem of bicommutation (No. 2, Section 4, Chapter 8 in [2]),
we have
EndFl [GQ]
(
Het(M,Zl )/ lHet(M,Zl )
)= (Fl[ρl(GQ)])◦ = Im(Φ),
where ◦ means commutator. Namely, the natural map
EndQ(M)⊗ Z/lZ =OE ⊗ Z/lZ −→ EndFl [GQ]
(
Het(M,Zl )/ lHet(M,Zl )
)
is surjective. By comparing the rank over Fl , we see that this map is isomorphism and it gives us
that
Fλ = EndFl [GQ]
(
Het(M,Zl )/λHet(M,Zl )
)
.
Therefore, we have Fλ = EndFλ[GQ](Het(M,Zl )/λHet(M,Zl )). To be absolutely irreducible fol-
lows from this. 
We continue to study the reduction ρλ of the λ-adic representations ρλ. In particular, we
compute Serre’s invariants associated to ρλ. These are a weight kλ, level Nλ, and character λ.
Serre’s conjecture state ρλ comes from a cusp form which belongs to Skλ(Γ0(Nλ), λ).
These invariants are constant for sufficiently large l (note λ | l). As is in Section 4 of [31],
we consider the set Λ of finite places of E such that any element λ in Λ satisfies that: (1) ρλ is
absolutely irreducible, (2) λ is odd (i.e. λ  2) and splits completely in E, (3) λ is prime to the
conductor of M , and (4) EndQ(M)⊗ Z/lZ is semi-simple for the rational prime l under λ. (The
following assumption is intrinsic: (5) Hiet(M,Zl ) is a free Zl-module for the prime l such that
λ | l.)
Proposition 7.1 implies Λ is an infinite set.
Lemma 7.2. The levels Nλ are bounded as λ varies in Λ.
Proof. Let M = (X,p,m). Since the conductor of Nλ divides the conductor of the full l-adic
representation associated to variety X by the Hilbert formula at p. 3 in [28] (see [40] for a
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Then our statement follows from this. 
Lemma 7.3. For all but finitely many λ in Λ, kλ = p − q + 1.
Proof. Replacing M by a Tate twist, we may assume M has Hodge type (p,0) + (0,p), p > 0
(note that M(n) has Hodge type (s−n, t −n)+ (t −n, s−n) if M has Hodge type (s, t)+ (t, s)).
Since M has good reduction at l and the weight of M is less than l, so (ρλ|Il)ss  φ2p−1 ⊕
φ2
l(p−1) where φ2 is the fundamental character of level 2. In fact, ρλ is irreducible since λ ∈ Λ.
By Fontaine–Laffaille theory [13], the simple object of the filtered module corresponding to mod
l crystalline representation have been classified (see also [3,4]). Then we deduce that the Serre’s
weight of ρλ is p + 1 − q by the definition of it. 
Recall  is a character of finite as in Lemma 5.1. This character is independent to λ.
Lemma 7.4. For all but finitely many λ in Λ, λ = .
Proof. We may assume that M is pure of weight w and it has Hodge type (w,0) + (0,w),
w > 0. By definition of the character ελ as the Serre’s (three) invariants (see p. 182 in [38]) and
Lemma 7.3, det(ρλ(Frobq)) = qwελ(q) in F∗ for all rational prime q which is coprime to lN . On
the other hand, we know det(ρλ(Frobq)) = εχwl from Lemma 5.1. Then by Chebotarev density
theorem, we have ε = ελ, since ε and ελ are finite characters. 
Now we prove the modularity of motives of GL2-type assuming some conjectures.
Theorem 7.5. Let M be a motives over Q of GL2-type without complex multiplication. As-
sume Serre’s conjecture and Conjecture 5.3. Then M is isogenous (quasi-isomorphic) over
Q to Mf (m) = Mf ⊗ Q(m), where Mf is Scholl’s motive attached to a modular form f ∈
Sk(Γ0(N), ) for some level N and integer m.
Proof. We mimic the method of Ribet [32]. Replacing M by a Tate twist, we may assume M
has Hodge type (p,0)+ (0,p), p > 0. Applying Serre’s conjecture to the representations ρλ for
all but finitely many λ ∈ Λ, we can find a Hecke eigenform f of weight k = p + 1 and level N
which is divided by Nλ for all but finitely many λ ∈ Λ so that ρλ  ρf . Since the Nλ are bounded
(in fact Nλ = N by -conjecture [10]), the set of such modular forms f is finite. So there is one
f which gives rise to infinitely many of the ρλ. Fix such λ.
Let R be the ring of integers of Q(an(f ) | (n,N) = 1) and define φλ : R → Fλ mapping ap
to trace(ρλ(Frobp)), (p, lN) = 1, λ | l. Then by the Chebotarev density theorem, we have an
isomorphism of Fλ[GQ]-modules(
Het(Mf ,Zl)/ lHet(Mf ,Zl )
)⊗R/lR,φλ Fλ  (Het(M,Zl )/λHet(M,Zl ))⊗Fλ Fλ.
Let VM = Het(M,Zl )/ lHet(M,Zl ) and let VMf := Het(Mf ,Zl )/ lHet(Mf ,Zl ). Recall λ ∈ Λ
is degree one, i.e. Fλ = Fl . Since the left side of the above isomorphism is a quotient of VMf ,
we have
HomG
(
VM ,
(
Het(M,Zl )/λHet(M,Zl )
)) = 0.
Q f
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HomGQ(V Mf ,V M) = 0,
for sufficiently large l (recall the choice of λ as above).
On the other hand, it follows by (d) in Conjecture 5.3 with the proof of Proposition 7.1 and
Tate’s argument (p. 135 in [42]) that the natural map
HomQ(Mf ,M)⊗Z Z/lZ −→ HomGQ(V Mf ,V M)
is surjective as GQ-modules for sufficiently large prime numbers l. This gives us
HomQ(Mf ,M) = 0. From the Q-simplicity of M and Mf , we have Mf Q−→ M . 
8. Descent from Q to Q
In this section, we will show that any Q-motive N appears as a Q-simple factor of a motive
of GL2-type. To do this, we first study the Brauer class of EndQ(N)⊗Z Q in Br(F ).
We now fix a collection {μσ : σN → N}σ∈GQ determined by the definition of Q-motives.
Then for σ, τ ∈ GQ, c(σ, τ ) := μσ ◦ σμτ ◦μ−1στ defines a 2-cocycle on GQ valued in F ∗. In fact,
it is easy to see that c(σ, τ ) ◦ φ = φ ◦ c(σ, τ ) for any φ ∈ EndQ(N) ⊗Z Q. Then c(σ, τ ) ∈ F =
Z(EndQ(N)⊗Z Q). c depends on the choice of {μσ }, but the difference of such choices appears
as 1-cocycle. So the class [c] ∈ H 2(GQ,F ∗) (GQ acts on F ∗ trivially) is well defined.
We consider the GQ-module (Q ⊗ F)∗ where the action is given by σ(r ⊗ f ) = σ(r) ⊗
f for σ ∈ GQ, r ⊗ f ∈ (Q ⊗ F)∗. The inclusion F  f ↪→ 1 ⊗ f ∈ Q ⊗ F induces a map
H 2(GQ,F ∗) → H 2(GQ, (Q ⊗ F)∗)  Br(F ) via Shapiro’s Lemma.
Theorem 8.1. The image [c] in H 2(GQ, (Q ⊗ F)∗) corresponds to the class of EndQ(N) ⊗Z Q
in Br(F ).
Proof. Assume N is pure of weight w and let F be the center of EndQ(N) ⊗Z Q. Then the
Hodge filtration F(N) = F [w2 ](N) of N is a free Q-module of rank t[F : Q]. Furthermore, we
can see that F(N) of N is a free Q ⊗ F -module of rank t by Lemma 5.1.1 in [17], since F is a
totally real field (see Theorem 4.3). Take a basis {ωi}ti=1 of F(N). For each σ ∈ GQ, we make
the correspondence from σωi to ωi . Then this induces the isomorphism F(σN)  Q⊗Q,σ F (N).
Now we take a collection {μσ : σN → N}σ∈GQ which defines the 2-cocycle c. Then each μσ
induces an isomorphism of Q ⊗ F -modules λσ : F(σN) → F(N) and μσ ◦ σμτ = c(σ, τ )μστ
implies λσ ◦ σ λτ = c(σ, τ )λστ . Note that F(σN) has a basis {1 ⊗ωi}ti=1. We can regard λσ as a
matrix Λσ ∈ GLt (Q ⊗F) which satisfies Λσ ◦ σΛτ = c(σ, τ )Λστ . Here σΛτ means that σ acts
on each element of Λτ as above.
Next we define a 1-cocycle c′ : GQ  σ → Λσ mod (Q ⊗ F)∗ ∈ PGLt (Q ⊗ F). The class
[c′] ∈ H 1(GQ,PGLt (Q ⊗ F)) is independent of the choice of basis of F(N).
We consider following two maps:
ψ1 : H 1
(
GQ,PGLt (Q ⊗ F)
)
↪→ H 2(GQ, (Q ⊗ F)∗),
ψ2 : H 1
(
GQ,PGLt (Q ⊗ F)
)
↪→ H 2(GQ, (Q ⊗ F)∗) ∼−→ Br(F )
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ψ2([c′]) = [EndQ(N)⊗Z Q]. 
Next we introduce some propositions to prove the main statement 1 in Theorem 1.1.
Let N be a Q-motive and let c be the above 2-cocycle attached to N . By the Tate’s Theorem
[37], the image of [c] under the natural map H 2(GQ,F ∗) → H 2(GQ,F ∗) is trivial. Then there
exists a locally constant function β : GQ → F ∗ such that
c(σ, τ ) = β(σ) · β(τ) · β(στ)−1,
for all σ, τ ∈ GQ.
Let E = F(β(σ )|σ ∈ GQ). Then E/F is a finite extension, since β is locally constant. Put
d = [E : F ].
Next we consider a motive E⊗F N with a homomorphism Δ : E → Hom(N,E⊗F N). From
the fact thatMAH up to isogeny is an abelian category and Theorem VI.3.1 in [26], it is defined
to be representing the functor
MAH −→Ab
M −→ T (M) := HomF
(
E,Hom(N,M)
)
,
namely, T (M) = Hom(E ⊗F N,M). Here Ab is the category of abelian groups. E ⊗F N has
the following universal property:
there exists a homomorphism Δ : E → Hom(N,E ⊗F N) such that
Hom(E ⊗F N,X) ∼−→ HomF
(
E,Hom(N,X)
)
φ −→ [e −→ φ ◦Δ(e)].
It easy to see as on p. 206 of [30] that EndQ(E ⊗F N) ⊗Z Q = EndF (E) ⊗F (EndQ(N) ⊗Z
Q) = Md(F)⊗F (EndQ(N)⊗Z Q) and σ (E ⊗F N) = E ⊗F σN for σ ∈ GQ (see [30]).
Let νσ = β(σ)−1 ⊗ μσ ∈ Hom(σ (E ⊗F N),E ⊗F N) for each σ ∈ GQ (recall that {μσ }σ is
a fixed collection associated to N ).
Proposition 8.2. There exists a motive M0 over Q and an isogeny κ : E ⊗F N → M0 over Q
such that κ−1 ◦ σ κ = νσ .
Proof. σ ∈ GQ acts on ντ as σ ντ = β(τ)−1 ⊗ σμτ . Then
νσ ◦ σ ντ =
(
β(σ)−1 ⊗μσ
) · (β(τ)−1 ⊗ σμτ )
= β(σ)−1 · β(τ)−1 ⊗μσ ◦μτ
= c(σ, τ )−1β(στ)−1 ⊗ c(σ, τ )μστ = νστ .
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ResK/Q(E ⊗F N) be the Weil restriction of E ⊗F N . Then N ′ is defined over Q. We define
κ := (ν−1g )g∈Gal(K/Q) : E ⊗F N −→ N ′K =∏
g
g(E ⊗F N).
Let M0 = κ(E ⊗F N). (Note that by Theorem 3.2, MAH is an abelian category. So we can
always consider the images of morphisms.) Then σ ∈ GQ acts on N ′K as gσ
−1
νσ : g(E ⊗F N) →
gσ−1(E ⊗F N) (cf. p. 259 in [32]). The action of σ on κ is nothing but the composite map of
σ ν−1g and the action on N ′K .
Then we have
σ κ = (gνg−1σg ◦ σ (ν−1g ))g∈Gal(K/Q).
Using the above relation for νσ , we can see that νg ◦ gνg−1σg = νσg. Then
gνg−1σg
σ
(
ν−1g
)= ν−1g ◦ νσ ◦ σ νg ◦ (σ νg)−1
= ν−1g ◦ νσ .
This means σ κ = κ ◦ νσ and κ−1 ◦ σ κ = νσ on M0.
It is easy to show that M0 is defined over Q:
σM0 = σ κ
(
σ (E ⊗F N)
)= σ κ(ν−1σ (E ⊗F N))= κ(E ⊗F N) = M0,
for all σ ∈ GQ. 
Proposition 8.3. Under the isomorphism Φ : EndQ(M0)⊗Z Q  φ ∼−→ κ−1 ◦φ ◦κ ∈ EndQ(E⊗F
N)⊗Z Q, we have EndQ(M0)⊗Z Q  E ⊗F (EndQ(N)⊗Z Q).
Proof. For each σ ∈ GQ, we can easily get σ φ = β(σ)−1 ◦φ ◦β(σ) for any φ ∈ EndQ(M0)⊗Z Q
(cf. [30, Proposition 4.3]). From this relation, for each φ ∈ EndQ(M0) ⊗Z Q, φ is defined
over Q if and only if φ belongs to the centralizer C(E) of E in EndQ(M0) ⊗Z Q. Then
EndQ(M0) ⊗Z Q = C(E) ⊃ F . Let Φ(φ) = r ⊗ f for r ∈ EndF (E), f ∈ EndQ(N) ⊗Z Q, and
φ ∈ EndQ(M0)⊗Z Q. If φ commutes with any element of E (note E = F(β(σ )|σ ∈ GQ)), r does
also. Then r ∈ E. We thus regard C(E) with a F -submodule of E ⊗F (EndQ(N)⊗Z Q).
Applying the double centralizer theorem to C(E) ⊂ EndQ(M0)⊗Z Q, we have dimF (C(E)) ·
[E : F ] = dimF (EndQ(M0)⊗Z Q) = d[F : Q]t2. Then dimF (C(E)) = [F : Q]t2.
On the other hand, dimF (E ⊗F (EndQ(N)⊗Z Q)) = [F : Q]t2. This gives that EndQ(M0) =
C(E)  E ⊗F (EndQ(N)⊗Z Q). 
Theorem 8.4. Let N be a Q-motive. Then there exists a non-CM motive over Q of GL2-type
which contains N as a Q-simple factor.
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H 2(GQ,F ∗) H 2(GQ, (Q ⊗ F)∗) Br(F )
E⊗F ∗
H 2(GQ,E∗) H 2(GQ, (Q ⊗E)∗) Br(E).
On the other hand, [c] maps to zero in H 2(GQ,E∗). Chasing the diagram, we have [E ⊗F
(EndQ(N)⊗Z Q)] = 0. Then, by Proposition 8.3, we have
EndQ(M0)⊗Z Q  E ⊗F
(
EndQ(N)⊗Z Q
) Mt(E),
where t = 1 or 2 is the Schur index of EndQ(N)⊗Z Q.
Take an orthogonal idempotent e ∈ EndQ(M0)⊗Z Q and put M = e(M0). Then M is a motive
over Q. Since E ⊗F N Q∼ Nd,d = [E : F ] and dimQ(E ⊗F EndQ(N)) = dt2, the rank of M is
equal to d·rank(N)
t
= 2dt ·[F :Q]
t
= 2[E : Q]. Since M is a Q factor of N ′ = ResK/Q(E ⊗F N) Q∼
Nd·[K:Q] , N and M have the same Hodge type. So M is a motive of GL2-type. 
9. Examples
The purpose of this section is to give examples of motives of GL2-type.
Let X be a Calabi–Yau threefold defined over Q. Then X has a Chow–Künneth decomposi-
tion, since X is a threefold. Let Δ3 be the third component of the Chow–Künneth decomposition
of the diagonal on X × X. The projector Δ3 cuts out the third cohomology of the variety X. If
necessary, by descending to Q, we may assume that Δ3 is defined over Q (see [34]).
We now assume that X is rigid, namely, h1,2 = h2,1 = 0 where hi,j = dimC Hj(XC,ΩiXC).
Then the pure motive M = (X,Δ3) is of GL2-type, since M is of rank 2. So rigid Calabi–Yau
threefolds give us good examples of motives of GL2-type. But so far we only know few examples.
Because there are no parametric families of rigid Calabi–Yau threefolds. They occur discretely
in the Griffiths period domain associated to the Hodge structures of Calabi–Yau threefolds (see
10.1.3 in [44] for the (Griffiths) period domain). This domain is quite large.
We now give explicit examples. For a squarefree integer D, we consider the following three-
fold
YD: x + D
x
+ y + D
y
+ z + D
z
+w + D
w
= 0.
This example appears in [15] when D = 1. Clearly YD is isomorphic to Y1 over Q(
√
D ). Let
XD be a smooth resolution of a compactification of YD (see [15]). Then XD becomes a rigid
Calabi–Yau threefold. Put MD = (XD,Δ3). Then, for the motive MD := (XD,Δ3), we have:
(1) For all p  3, ap = trace(Frobp|Het(MD)∗) = p3 − 2p2 − 3p(χD(p)− 1)− 7 − YD(Fp),
where χD is the quadratic character associated to Q(
√
D).
T. Yamauchi / Journal of Number Theory 128 (2008) 1485–1505 1503(2) For all p  3, ap = χD(p)bp where η(2z)4η(4z)4 =∑∞n=1 bne2π√−1nz ∈ S4(Γ0(8)) and
η(z) is the usual eta function.
Let fD be the twist of f by χD . If we assume Conjecture 5.3, then we have
MfD
Q∼ MD,
without assuming Serre’s conjecture.
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Appendix A
As mentioned in Section 1, most of the statements and proofs in this paper are identical to
those in the abelian variety setting. For the convenience of reader we list in Table A.1 our results
and the corresponding results in Pyle [30] or Ribet [32].
Table A.1
In this paper Pyle [30] Ribet [32]
Theorem 4.1 Theorem 2.1
Theorem 4.3 Theorem 1.2
Lemma 5.1 Lemma 3.1
Lemma 5.2 Lemma 3.2
Proposition 5.4 Proposition 3.3
Theorem 5.5 Proposition 1.9 Theorem 5.6
Proposition 6.3 Proposition 1.4
Proposition 7.1 Lemma 3.7
Lemma 7.2 Lemma 4.1
Lemma 7.3 Lemma 4.2
Lemma 7.4 Lemma 4.3
Theorem 7.5 Theorem 4.4
Theorem 8.1 Theorem 2.1
Proposition 8.2 Proposition 4.2
Proposition 8.3 Proposition 4.4
Theorem 8.4 Proposition 4.5
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